We study the extension of the Minimal Flavour Violation (MFV) hypothesis to the MSSM without R-parity. The novelty of our approach lies in the observation that supersymmetry enhances the global symmetry of the kinetic term and in the fact that we consider as irreducible sources of the flavour symmetry breaking all the couplings of the superpotential including the R-parity violating ones. If R-parity violation is responsible for neutrino masses, our setup can be seen as an extension of MFV to the lepton sector. We analyze two patterns based on the non-abelian flavour symmetries SU (3) 4 ⊗ SU (4) and SU (3) 5 . In the former case the total lepton number and the lepton flavour number are broken together, while in the latter the lepton number can be broken independently by an abelian spurion, so that visible effects and peculiar correlations can be envisaged in flavour changing charged lepton decays like ℓ i → ℓ j γ.
Introduction
The flavour problem can be viewed as the clash between the theoretical expectation of New Physics (NP) at the TeV scale and the experimental observations in Flavour Changing Neutral Current (FCNC) processes which severely constrain the scale Λ NP of the NP beyond the 10 4 TeV domain (for a review see e.g. Ref. [1] ). If we insist in keeping Λ NP ≈ TeV for naturalness, then we have to conclude that the flavour structure of the NP is highly non-generic.
The Minimal Flavour Violation (MFV) hypothesis [2] [3] [4] [5] is a powerful organizing principle which states that the sources of flavour symmetry breaking of the NP are aligned to the Standard Model (SM) Yukawas. This ansatz provides an automatic suppression of the NP contribution to the flavour violating observables and thus a solution of the aforementioned flavour problem (see for instance Ref. [6, 7] ).
In particular the MFV hypothesis can be formulated as a symmetry principle: in absence of the Yukawa couplings the global symmetry of the SM is that of the gauge invariant kinetic terms. This flavour symmetry or a subgroup can be formally be restored by promoting the Yukawa couplings to spurions with definite transformation properties under the flavour group and the same holds in any extension of the SM.
While in the quark sector the MFV ansatz unambiguously relates the sources of flavor breaking beyond the SM to the quark masses and the CKM matrix, the situation in the lepton sector is less straightforward. This is namely due to the introduction of new sources of flavour breaking related to neutrino masses and, since the mechanism itself generating neutrino masses is unknown, several scenarios can be envisaged. Starting from Ref. [8] many formulations of Minimal Lepton Flavour Violation (MLFV) have been proposed and analyzed [9] [10] [11] [12] [13] [14] [15] .
In this work we focus on a particular realization of MFV in the in the context of the Minimal Supersymmetric SM (MSSM) without R-parity (for a review see e.g. Ref. [16] ). Our analysis is moved by two simple observations about the MSSM:
1. The largest group of unitary transformations commuting with the gauge group is enhanced with respect to the SM case. This is namely
, where the presence of the U (4)L factor is due to the fact that the superfieldsl andĥ d have the same quantum numbers [17] [18] [19] [20] [21] [22] .
2. The MSSM (without right handed neutrinos) has already all the degrees of freedom sufficient to generate neutrino masses and mixings through R-parity Violating (RPV) interactions [17, 20, [23] [24] [25] [26] [27] [28] [29] .
Thus the aim of our work is to generalize the MFV expansion of the soft terms in the presence of the enlarged flavor symmetry and to include the RPV couplings as the original sources of flavor breaking. Such a MFV expansion is in principle expressed in terms of many free parameters. However, motivated by our second observation, we connect the RPV spurions with the neutrino sector observables, requiring that the flavour symmetry is broken in the minimal way compatible with the pattern of neutrino masses. In particular we will study the impact of such a framework on LFV processes, thus providing an alternative scenario of MLFV. Notice that the MSSM without R-parity contains a large set of lepton number violating parameters, making the connection between neutrino masses and the soft terms still ambiguous. Thus extra assumptions on the orientation of the RPV spurions in the flavour space are needed.
Our approach towards the R-parity differs from that of Refs. [30, 31] in the fact that we do not aim at an explanation of the smallness of the RPV couplings. We simply treat them, in a more democratic way, on the same ground of all the other couplings of the superpotential. Remarkably, the values of the RPV couplings needed in order to fit neutrino masses are of the same order of magnitude of the SM Yukawas of the first and second families [32, 33] .
In the following we analyze two symmetry patterns based on the groups SU (3) 4 ⊗SU (4) and
With the former flavour symmetry the breaking scale of lepton number is related to that of lepton flavour violation (LFV), thus implying small effects in LFV physics. On the other hand the latter flavour symmetry allows to break the lepton number independently by means of an abelian spurion, so that visible effects are in principle achievable. We finally study the correlations among the flavour changing charged lepton decays ℓ i → ℓ j γ.
Minimal Flavour Violation without R-parity
The starting point of the MFV idea is based on the observation that the largest group of unitary transformations commuting with the SM gauge group is
This corresponds to the global symmetry of the gauge invariant kinetic term of the SM fields
with i spanning over the three families. Notice that ℓ i and h have the same gauge quantum numbers and only the Lorentz structure prevents the global symmetry of the kinetic term from being larger.
On the other hand the situation in the MSSM is qualitatively different since the supersymmetrization of the SM spectrum restore the symmetry between scalars and fermions, thus enhancing the global symmetry of the kinetic term.
In order to make apparent this enhancement it is useful to define a generalized lepton multipletL α = (l i ,ĥ d ) and rewrite the set of chiral superfields of the MSSM in the following wayΦ
where a second Higgs doublet is introduced in order to ensure anomaly cancellation. Then the global symmetry of the kinetic term
turns out to be
Notice that this holds irrespectively of the fact that R-parity is or not an exact symmetry of the full MSSM lagrangian. We can decompose G MSSM kin in abelian and non-abelian factors and identify a linear combination of the six U (1) generators with the SM hypercharge. Then we define the generalized flavour group of the MSSM as 6) while the abelian factors can be rearranged in the following way
where B is the baryon number. G F and G A are explicitly broken by the most general MSSM superpotential and soft lagrangian.
Since the MSSM has many sources of flavour violation it is useful to have a rationale in order to select the origin of this breaking. Let us imagine that the flavour symmetry is broken at the scale Λ F by some unknown mechanism. Then, if the breaking of SUSY is due to a flavour universal mechanism (like in gauge mediation [34] ) and the scale of mediation M is smaller than Λ F , the flavor structure of the soft terms will be related to the breaking of the flavor symmetry in the supersymmetric sector.
Having in mind such a MFV framework we assume that the original source of flavour violation is given by the the couplings of the most general MSSM superpotential
where the gauge structure has been omitted for simplicity. Notice also the antisymmetry of the couplings
In order to formally restore the invariance with respect to the flavor group we treat the couplings in Eq. (2.8) as spurions, with quantum numbers under G F : 14) where the squared brackets stand for anti-symmetrization and we also defined |µ| 2 ≡ α=1,...,4 |µ α | 2 .
Notice that expansion is truncated at the third order in the spurions. Actually the higher order terms in the spurions can be phenomenologically neglected under the assumption that the dimensionless couplings of the MFV expansion are of O(1) [5, 35] .
In absence of R-parity all the neutral scalar components ofL α andĥ u develop a VEV which triggers the electroweak symmetry breaking SU (2) L ⊗ U (1) Y → U (1) Q [17, 18] . Given the SU (4)L symmetry it is always possible, without loss of generality, to redefine theL α superfield in such a way that only the fourth component acquires a VEV. From now on we work in such a basis and we define operatively the superfieldĥ d so that it corresponds to the component which develops a VEV,ĥ d ≡L 4 , while the leptons do not,
Despite our notation makes explicit the underlying non-abelian flavour symmetry SU (3) 4 ⊗ SU (4), it is also useful to translate it into the more common SU (3) 5 language. This connection is provided in Appendix A. Then we can formally split the superpotential in Eq. (2.8) in an RPC and an RPV term 
where we have omitted to expand the a terms up at the third order in the spurions.
Notice that the flavor violation in the lepton sector can be linked to the amount of R-parity violation. For instance the RPV couplings in the expansion ofm 2 ℓ in Eq. (2.17) are responsible for flavour violating mass insertions leading to processes like ℓ i → ℓ j γ. Assuming that the RPV couplings are responsible for neutrino masses it is possible then to provide a link between LFV in the charged lepton sector and the neutrino observables.
However, in absence of R-parity the MSSM superpotential is enriched by a large set of lepton number violating parameters, thus making the connection between neutrino masses and the soft terms somehow ambiguous. In order to retain some level of predictivity for the soft terms extra assumptions must be made on the orientation of the RPV spurions in the flavour space 1 . In the next section we will exemplify this point by considering a particular model of neutrino masses in which the RPV spurions are oriented along the µ i and λ ′i33 directions.
Neutrino Masses without R-parity
In the previous section we have formally restored the invariance under the flavour group G F by promoting all the supersymmetric couplings in Eq. (2.8) to spurions. Now we want to provide the link between these spurions and the physical observables. Our guideline is to break the flavour group in a minimal way, namely we consider the minimal amount of flavour breaking which is able to reproduce the correct pattern of fermion masses and mixings.
In the limit of massless neutrinos, the connection of the spurions with the flavour structure of the charged fermions is straightforward. From the superpotential
we can identify the relevant spurions in terms of known physical observables, up to the parameter tan β ≡ v u /v d . Indeed it is always possible to choose a basis such that
where V is the CKM matrix andm U ,m D ,m E are the diagonal charged-fermion masses.
On the other hand the experimental evidence of neutrino masses and mixings makes clear that the flavour group must be further broken. The standard way to introduce neutrino masses in the context of supersymmetric MFV is to extend the field content of the MSSM by introducing three SM-singlet chiral superfields [30, 31] and thus applying the seesaw mechanism [36] [37] [38] [39] [40] [41] [42] .
Remarkably the MSSM without R-parity gives the possibility of generating neutrino masses and mixings without the need of additional ingredients. This is the approach we pursue in this work. As we are going to show soon, neutrino masses are fitted by moderate small values of the R-parity violating couplings µ i /µ, λ and λ ′ , of O(10 −5 ) or even larger. From this point of view the issue of the smallness of neutrino masses could be brought back at the same conceptual level of understanding the flavour structure of the charged fermions, featuring Yukawa couplings also of O(10 −6 ) as in the case of the electron.
The formulae for the neutrino mass matrix in terms of the RPV couplings are collected for completeness in Appendix C. The leading contributions can be schematically written as
where for simplicity we set M 1 ≈ M 2 ≈ A ≈ µ ≡m and we neglected the flavour structure of λ ′ and λ.
Finally we comment about the baryon number violating coupling λ ′′ . According to our guideline at the beginning of this section, this coupling does not give any contribution to the construction of fermion masses and mixings and thus should be absent as an irreducible source of flavor breaking. However λ ′′ can still be induced by the other spurions. If the U (1) factors are part of the symmetry that we want to formally restore, then λ ′′ cannot be generated by the baryon number conserving couplings Y U , Y E , Y D and µ. On the other hand if we consider only the non-abelian symmetry SU (3) 4 ⊗ SU (4), the coupling λ ′′ can be induced in a holomorphic way [31] :
where the proper contractions with the SU (3)q, SU (3)êc and SU (4)L epsilon tensors are understood. Actually, it turns out that the tensor structure forces the invariant to span over RPV couplings and light generation Yukawas, thus providing an automatic suppression of λ ′′ . Remarkably we are able to satisfy the bounds from proton decay without invoking any ad hoc conservation or small breaking of the U (1) B symmetry, but just requiring our minimality condition on the identification of the flavor spurions.
A toy model
When all the RPV spurions are switched on there is an overabundance of free parameters, which cannot all be fixed by the constraints from the neutrino sector. Hence we are going to consider scenarios in which only a minimal number of spurions are switched on in order to reproduce neutrino masses and mixings. Our goal is to show how to link the RPV spurions with the neutrino observables, by means of a simplified model of neutrino masses featuring only the RPV couplings µ i and λ ′i33 .
Notice that we work in the basis ν i = 0. We have checked explicitly that, within these set of RPV couplings, this condition can be consistently achieved with the MFV expansion in Eq. (2.17).
The neutrino mass matrix can be split in a tree level and a one-loop term
whose diagonalization through the PMNS matrixÛ yields
wherem ν is the diagonal neutrino mass matrix. Then, assuming the dominance of the tree level contribution and requiring an orthogonality condition between the vectors µ i and λ ′i33 (cf. Appendix C for more details), the neutrino sector observables are fitted in the following analytical way:
where m 3 ≈ ∆m 2 atm = 4.9 · 10 −2 eV. Taking Once the relevant spurions are fixed in terms of the neutrino masses and mixings one can relate the MFV expansion to LFV processes. For our purposes it is enough to make an order of magnitude estimate of the processes induced in our MLFV setup, focusing just on the effects due to the non-diagonal entries in the sfermion mass matrices. In this case the normalized branching fractions for the processes ℓ i → ℓ j γ can be naively estimated in the following way [43, 44] :
where, according to the MFV expansion, the flavour violating mass insertions δ ij are expressed as combinations of neutrino masses and elements of the PMNS matrix. For instance in our toy model where only the couplings µ i and λ ′i33 are switched on, δ LL ij reads (cf. Eq. (2.17))
where ∆ LL ij is the flavour violating part ofm 2 ℓ . As it is evident from Eq. one concludes that it is not possible to accomplish observable rates, in view of the current experimental bounds showed in Table 1 . It should be also mentioned that besides the contributions related to the MFV mass insertions there are other ones due to the mixing between neutrinos and neutralinos (or charginos and charged leptons) and RPV vertices (see e.g. [48, 49] ) which are relevant for the calculation of the LFV branching fractions. These latter contributions, however, remain of the same order of magnitude of those due to the mass insertions, thus leading to non-observable rates for the values of the RPV couplings fitting neutrino masses.
Let us mention that rates of µ → e γ closer to the experimental sensitivity can be obtained when neutrino masses are fitted by trilinears featuring first families indices, like for instance λ ′i11 . In such a case the suppression due to the down-quark mass in the expression of the neutrino mass matrix (cf. Eq. (C.7) in Appendix C) allows for larger values of λ ′i11 even of O(10 −2 ). However such a large coupling may be in conflict with other flavour violating observables [16] . A complete analysis of such scenarios and a more realistic model for neutrino masses is postponed to future works.
In the next subsection we are going to present a simple solution in order to achieve observable rates within the neutrino mass model considered here.
Case
We have previously seen that the contribution to LFV processes are generically well below the present experimental bounds. This is due to fact that the spurions responsible for neutrino masses break simultaneously both the total lepton number and the non-abelian part of the flavor group. As it has been shown in [8, 13] , in order to have measurable rates for the flavor changing radiative charged lepton decays, one has to separate the source of breaking of lepton number from that of LFV.
This leads us to consider a different scenario based on another subgroup of the original kinetic symmetry G MSSM kin (cf. Eq. (2.5)). We assume that the symmetry that we want to formally restore is given by SU (3)
, where L and B are the total lepton and baryon number. The U (1) B factor is needed in order to properly suppress dangerous contributions to the proton decay rate (for the relevant bounds see for instance Ref. [50, 51] ).
In this setup the R-parity violating couplings µ i , λ, λ ′ and λ ′′ can be split in two parts, one responsible for the breaking of lepton and baryon number and the other for the breaking of the flavor group
The quantum numbers of the flavor spurions under SU (3)
where the subscripts label the abelian quantum numbers. The corresponding MFV expansion of the soft terms is reported in Eq. (B.3) of Appendix B.2.
In this case the rates of the LFV processes are dominated by the lepton and baryon number preserving (but flavor changing) slepton mass insertions, which depend only on the parametersμ,λ,λ ′ . Other RPV vertex contributions depend on quantities which violate total lepton number and hence are suppressed by the ε L factor. As we are going to show, peculiar correlations among physical observables will emerge due the MFV expansion.
In the case that only the spurions µ i and λ ′i33 are switched on, the relevant off-diagonal terms i = j induced by these two spurions in m 2 
(4.14) In our framework the LL mass insertions, and thus m 2 ℓ i j , give the dominant contribution to the LFV processes 2 . Focusing on δ LL , using (3.7) and (3.9), we get:
Notice that the factor 1/ε 2 L in the mass insertions implies an enhancement of 1/ε 4 L in the rates. Indeed it is possible to estimate the normalized branching ratios in the following way Given the potential detectability of these processes it is now interesting to compute the ratios among the normalized branching fractions of the LFV channels. Considering Eq. (4.1) and Eq. (4.15) we can parametrize the ratios among the normalized LFV branching fractions as 17) where the constant c is given by with M 1 = M 2 ≡ M G . From Eq. (4.18) it is evident that, depending on the SUSY parameters, the mass insertions are dominated either by the trilinear (c ≪ 1) or the bilinear (c ≫ 1) couplings. It is possible then to identify two asymptotic regimes in which these ratios have a simple analytical expression:
In this case the mass insertions are dominated by the contribution from the trilinear couplings (λ ′ ) i33 . Since the ratios B µ→eγ /B τ →µγ and B µ→eγ /B τ →eγ show only a slight dependence from the Maiorana phase δ, we take δ = 0, π and obtain where the extrema of the range are obtained by scanning over the 2-σ values of the mixing angles (cf. Table 2 ). In this case, the three normalized branching ratios are of the same order of magnitude. Notice that the LFV effects depend on the PMNS matrixÛ i2 , differently with respect to other MLFV setups (cf. for instance Table 3 ).
• |c| ≫ 1
In this case the mass insertions are dominated by the bilinear couplings µ i . Then we can derive the following functional behaviors for the two relevant ratios
Compared to the previous case we observe an enhancement of B τ →µγ with respect to B τ →eγ and B µ→eγ . This results coincides with the one found in Ref. [15] in the case of inverted hierarchy of neutrino masses.
Furthermore, in order to study the general case we vary the parameter c in the range [−100, 100] and the parameters of the neutrino sector according to Table 2 as before. The results are plotted in Fig. 1 . In Fig. 2 we report the correlation between the two ratios B µ→eγ /B τ →µγ and B µ→eγ /B τ →eγ .
From Fig. 1 we see that, away from the two asymptotic regimes, there are regions of strong enhancement/suppression of the ratios. Indeed the values of the c parameter for which B ℓ i →ℓ j γ → 0 are: Table 2 : Experimental values of the neutrino sector observables as reported in Ref. [52] .
For the PMNS matrix we have considered the PDG parametrization [53] . The Dirac phase δ varies in the range [0, 2π]. Finally, for the purpose of comparison, we show in Table 3 the LFV parameters predicted by various MLFV models.
Model
Flavor violating parameter Minimal field content [8] ∝ (Ûm 2 νÛ † ) ij Extended field content + CP limit [8] ∝ (Ûm νÛ † ) ij
Extended field content + leptogenesis [10, 12] ∝ (Ûm We conclude commenting on other LFV processes like µ → e conversions and ℓ i → ℓ j ℓ k ℓ k decays, not considered until now. In our case these processes are determined by γ-penguin type diagrams [54, 55] and turn out to have the same flavor structure of ℓ i → ℓ j γ. This implies in particular that the decays in three leptons have similar patterns of enhancement/suppression of those discussed above. Notice however that the radiative decays are the processes most severely constrained by the experiments.
Conclusions
In this work we have presented the general supersymmetric version of MFV including also the RPV terms as the irreducible sources of the flavour symmetry breaking. If the RPV couplings are responsible for neutrino masses, the framework can be also viewed as an extension of MFV to the lepton sector. An important aspect stressed throughout the paper is that the global symmetry of the kinetic term of the MSSM lagrangian is enhanced with respect to that of the SM. Indeed the superfieldsl i andĥ d can be rearranged in a 4-dimensional flavour multipletL, whose kinetic term is invariant under U (4)L unitary transformations. This gives us the possibility to consider as the most general flavour symmetry the non-abelian group SU (3) 4 ⊗ SU (4)L. In such a case the breaking of the total lepton number and that of lepton flavour number are linked together, thus generically implying small effects in LFV physics.
On the other hand the separation between the breaking of lepton number and lepton flavour number leads to an interesting phenomenology. This is the motivation to consider our second scenario based on the SU (3) 5 ⊗ U (1) L ⊗ U (1) B flavour symmetry. This last option yields peculiar correlations among the branching ratios of the ℓ i → ℓ j γ processes.
Several interesting possibilities could be considered for future investigations both from a theoretical and a phenomenological point of view.
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A Notation
In this Appendix we define both the SU (3) 4 ⊗ SU (4) and SU (3) 5 notations and provide the translation between the two languages.
• SU (3) 4 ⊗ SU (4) notation 
with f = {q, u c , d c , e c , ℓ}.
Let us defineL
then, by comparing Eq. (A.2) with Eq. (A.1), the following identifications follow
The MFV expansion of the soft terms in both the SU (3) 4 ⊗SU (4) and the SU (3) 5 languages is provided respectively in Eq. (2.14) and Eq. (2.17) of Sect. 2.
The MFV expansion reads
up to two flavor spurions and only one in ε L or ε B . Just in the case of a E we consider the expansion up to three spurions.
C Review of RPV contributions to neutrino masses
The neutrino mass matrix receives contributions both at the tree level and from loops [16] . We briefly review for convenience here the general formulae.
In the basis where only h d develops an electroweak VEV, the tree level contribution to neutrino masses is due to the RPV mixings among neutrinos and higgsinos, proportional to the parameters µ i . The tree level neutral fermion mass matrix in the basis (L α , h u ,B,W ) reads 
The tree-level neutrino mass matrix is a rank-one matrix. In order to complete the neutrino spectrum one has to go at the loop level. One-loop neutrino masses get contributions from many diagrams involving different combinations of the coupling µ i , λ ′ and λ. Under reasonable assumptions on the SUSY parameters (see e.g. [21, 22] ), one can focus the attention just on the contribution coming from the trilinear terms λ and λ ′ . In the basis where the down-quark and the charged-lepton mass matrices are diagonal, one finds [16] (m Under the assumption that the leading contribution to the atmospheric neutrino observables comes from the tree level term, the mass matrix in Eq. (C.9) can be perturbatively diagonalized along the lines of [27, 56] , obtaining at the leading order
The orthogonality condition mentioned in Sect. 3.1, namely | µ × λ ′ | 2 /| µ| 2 = | λ ′ | 2 , ensures that λ ′i33 is completely responsible for the solar neutrino observables, thus allowing us to express the LFV branching fractions in terms of the neutrino mass observables in a simple analytical way (cf. e.g. Eq. (4.17)).
